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Abstract. Weak linearisation was defined years ago through a static
characterization of the intuitive notion of virtual redex, based on (legal)
paths computed from the (syntactical) term tree. Weak-linear terms im-
pose a linearity condition only on functions that are applied (consumed
by reduction) and functions that are not applied (therefore persist in
the term along any reduction) can be non-linear. This class of terms was
shown to be strongly normalising with deciding typability in polynomial
time. We revisit this notion through non-idempotent intersection types
(also called quantitative types). By using an effective characterisation of
minimal typings, based on the notion of tightness, we are able to dis-
tinguish between “consumed” and “persistent” term constructors, which
allows us to define an expansion relation, between general A-terms and
weak-linear A-terms, whilst preserving normal forms by reduction.

Keywords: Intersection Types, Linearisation, Minimal typings

1 Introduction

The notion of linearisation of the A-calculus, as a process of transforming (or
simulating) non-linear terms into (or using) “equivalent” linear terms, was first
introduced in [27], and has since been used as a transformation technique in
different settings [19, 20, 31]. From the computational point of view, linear terms
have nice properties: there are no infinite reduction sequences starting from linear
terms, there is no duplication of terms upon function evaluation, and every linear
term is typable in the simple type system [22] thus it is typable in polynomial
time. Regarding implementation issues of linear programs, both inline expansion
and updating of structures in place, can be done safely. Several abstract machines
for functional calculi have been designed to take into account and optimise the
computation in the case of linear functions (see for instance [30, 33,28, 5]). Linear
functions are also naturally occurring in hardware compilation [19]. Circuits are
static (i.e., they cannot be copied at run-time), so linear computations are more
naturally compiled into hardware.

In this paper we revisit the notion of weak-linearisation, as defined in [6],
through a notion of expansion based on non-idempotent intersection types and
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the notion of minimal typings [1]. Non-idempotent intersections were indepen-
dently introduced by Gardner [18] and Kfoury [27], and turned out to be cru-
cial in several resource aware consumption investigations [2,3,7,9,12,24, 26].
The foundation for resource aware reasoning dates back to Girard’s seminal
work on resource management in proof theory that lead to the definition of lin-
ear logic [21]. The quantitative feature of the non-idempotent intersections was
highlighted in De Carvalho’s thesis [16] where its relation with linear logic [21]
and quantitative relational models has been deeply explored. In the intersec-
tion types discipline [14], objects are allowed to be typed with distinct types
combined by means of an intersection operator. If this intersection operator (N)
does not enjoy idempotency (that is, it distinguishes 7 N7 from 7), then besides
providing qualitative information on how objects are used, it also gives quanti-
tative information on how many times they are used. For that reason, these type
systems are called (nowadays) quantitative type systems.

Kfoury [27], used non-idempotent intersections to define a linear A-calculus
and the notion of linearisation. Kfoury’s linear calculus, denoted A", came with
a new notion of reduction, called 8”. Linearisation was defined indirectly by
means of the notion of contraction, such that well-formed terms of the new
calculus were those for which there was a contracted term in the A-calculus.
The relation between linearisation and intersection types was further explored
by Florido and Damas in [17], introducing a notion of expansion of terms in
the A-calculus into linear terms, such that, any term typable using intersection
types [14] is related with a term typable using simple types [15]. In other words,
any typable term can be expanded to a simply typable linear term. For instance,
the term 01 —where § = Az.zx and I = Az.z— is typable in such an intersection
type system and is related with term (Azjzs.z122)I1, also said to be a linear
expansion of the former. Expansion is preserved by weak-head reduction?, in the
sense that reduction commutes with expansion.

An operational notion of linearisation, called weak-linearisation, was defined
by Alves and Florido [6], based on the notion of legal paths. Legal paths were
introduced by Asperti and Laneve [8] as a characterisation based on paths of
Lévy’s redex families in the context of optimal reductions for the A-calculus [29],
providing a static characterisation of the intuitive notion of virtual redex. Weak
linear A-terms are strongly normalising, typable in polynomial time, and the
transformation of general terms into weak linear terms was shown to preserve
normal forms. A term ¢ is weak linear if in any reduction sequence from ¢,
when there is a contraction of a f-redex (Az.u)v, then z occurs free in u at
most once, therefore only functions that are applied to an argument in some
reduction process are required to be linear. Although this class of terms is often
called affine, whereas linear is used for terms Az.t where x occurs free exactly
once in t, the definition of linear function used here follows [27,17]. Notice that
the definition of weak linear term refers to all the abstractions Az.u that are
going to play the function part of a S-redex along the reduction of ¢, and legal

3 a notion of reduction used in functional programming languages implementation,
which does not evaluate inside values, i.e. under abstractions.
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paths were used to identify these virtual redexes. For example ¢t = (I4)k is
not weak linear, since ( k) is a redex in a reduction sequence from ¢, whereas
u = ((Azxy.yz) 0)k is weak-linear, since the only duplicating abstraction ¢ is never
applied during (any) reduction from wu. Note also that we require the capability
to distinguish functions that are going to be applied, therefore "consumed” by
(any) reduction, from the ones that are going to "persist” in the term. For
example in 0 I, only one of the copies of I is going to play the function part
of a p-redex, whereas the other is going to remain in the normal form. This
dichotomy of consumed /persistent terms has been highlighted in [25] for the Au-
calculus, and adapted to a pattern-calculus in [7], using a quantitative typing
system extended with the notion of tight types. Tight-typings, which provide
an effective characterisation of minimal typings, have been applied to the \-
calculus [1] to extract exact bounds for different evaluation strategies, and in
particular for a maximal reduction strategy.

In this paper we combine the notion of expansion relation, as defined by
Florido and Damas in [17], with the notion of tight types in a non-idempotent
intersection type system following [1], and define a new expansion relation that
captures the operational notion of weak-linearisation. We prove that expansion
commutes with S-reduction and that expanded terms are weak-linear in the sense
of [6], and therefore typable in polynomial time. Furthermore, because we base
our expansion relation on a quantitative type system that characterises strong
normalisation, we are able to show that all strong-normalising A-terms can be
simulated by a weak-linear A-term, with the same S-normal form. This is a major
breakthrough with respect to the approach based on legal paths [6, 4], where such
relation was left as a conjecture. Note that Kfoury also conjectured that strongly
normalisable A-terms are those that can be simulated by a corresponding well-
formed term in A" [27]. Additionally, using tight-types we are able to give a
typing characterisation of expanded terms, by introducing a linear restriction of
the typing system in [1], such that weak linear A-terms are exactly the terms
typed in this system.

Overview: The rest of the paper is structured as follows. In Section 2 we give
some preliminary notions on the A-calculus and discuss some properties of the
non-deterministic maximal reduction strategy that we are using in this paper.
In Section 3, we recall the non-idempotent type system for a maximal reduction
strategy given in [1], together with some properties that we adapt to our non-
deterministic strategy. Our expansion relation is developed in Section 4, where
we prove its relation with our maximal reduction strategy. In Section 5, we give
a typing characterisation of weak-linear terms, by means of a linear system with
tight-typings. We discuss some related work in Section 6 and finally conclude
and discuss future work in Section 7.

2 Terms and Reductions

We start by recalling some basic definitions on the A-calculus. For a detailed
reference see [10]. The set of A-terms, denoted by 4, is inductively defined by
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means of the following grammar: ¢,u :=x | Az.t | tu; here x,y, z,w ... range
over an infinite countable set of variables. The term x is called a variable, Ax.t
is an abstraction and tu is an application. We write abs(t), to denote that ¢ is a
term of the form Az.u. The size |¢| of a term is defined by: |z| = 0; | Az.u| = 1+ |u]
and |uv| = |u] + |v| + 1. Free variables of terms are defined as: fv(x) := {z},
fv(Ax.t) :=fv(t) \ {z} and fv(tu) := £v(¢) U fv(u).

Terms are considered modulo a-conversion, so that for example Axy.xz =,
A"y @'z, but \v.xz #4 Az.zz. We use t{x/u} to denote the meta-level sub-
stitution operation which replaces all the free occurrences of x in ¢ by the term
u. As usual, this operation is performed modulo a-conversion so that capture
of free variables is avoided. Throughout the paper, whenever necessary, we will
assume Barendregt’s Variable Convention (BVC), regarding the use of free and
bound variables (see [10]).

We now present an inductive definition of a non-deterministic maximal reduc-
tion strategy, denoted —,mx, that is closely related to the deterministic maximal
reduction strategy —mx in [1]. A maximal strategy computes the longest reduc-
tion sequence to a normal form, whenever such a reduction exists, obtaining an
infinite reduction sequence otherwise. The —,x reduction strategy is based on a
maximal strategy defined by [11] and further developed in [32]. This reduction
was used in [32] to reason about strong normalisation, in [6] to prove strong
normalization of weak-linear A-terms and in [1] to reason about quantitative
measures for reduction.

The —,mx reduction strategy on A-terms is defined in Figure 1. Superscript
€ in <,mx denotes the size of a term erased in reduction and is mostly omitted
from notation throughout the paper. The definition of —,ny relies on the notion
of head-neutral normal forms. An inductive definition of head-neutral normal
forms, denoted by t € N4, and (nmx)-normal forms, denoted by t € M, is
given by the following grammars:

Nig =2 | Npg A N =z | NM M =N |z M
A term t € N is called a neutral normal form. Note that AV C Npq.

The reflexive-transitive closure of —,x, is defined by:

k -k

T T
t _1>nmx v v _Z)nmx u 3 _>nmx u
0 . . k+1 r *
0
t— t t it u 3 “amx U

nmx nmx

The only difference between —my and —,mx is that —y last rule is defined
with t € A/, i.e. in a term of the form zu; ... wu,, while u; will be reduced only
when zu; ... u;—1 € N in the former, i.e. u; € M for each 1 < j < 4, any w; is
reduced independently in the latter. For instance, let ¢ =  (IT) (II), then ¢ can
only be =y -reduced to I (II) while it can also be —pmx-reduced to = (I I)I.
Therefore, —myC—nmyx -

We establish some necessary properties about —,mx and normal forms.

Proposition 1. Let t be a A-term:
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x € fv(t) U Seme ' x € Ev(t)  u Ak T & £V(D)
()\xt)u £>nm>< t{.T/U} ()\.I,’t)’u, ;nmx (Am.t)ul (/\xt)u Jﬁ‘—)nmx t
[ —abs(t) t Domxt  tENa U Damx
ATt D nmx ATt tu Somx tu U —amx tu’

Fig. 1. Non-deterministic maximal reduction strategy

1. Ift € Nig then —abs(t). In particular, t € N implies that —abs(t).
2.t e M iff t Aomx-
3. Ift € Nng and t —amx t' then t' € Npg.

Proof. 1. Follows directly from the definition of M.

2. (=): By induction on t € M. (<): A a slightly stronger result is proved by
induction on ¢ : If ¢t %,mx then —abs(t) implies t € N otherwise t € M.

3. By induction on t € My.

We prove that —pmx has the diamond property (DP) thus is also maximal.

Lemma 1 (nmx-reduction has DP). Let t be a term. If u pmx<— t —nmx ¥,

with w # v, then there is w s.t. u s e W nmxe— V.
Proof. By induction on ¢. We present the case for ¢ = t1t5 where —abs(t;):

— If t; € NV, in which case (by Prop. 1.2) t; %nmx, then u = tyus and v = tv9
where Uy nmxé— t2 —nmx V2. By the i.h. there is wy S.t. g = nmx W2 nmxé— V2.
Therefore 1 < nmx W nmxé— v for w = t1ws.

— If t; ¢ NV, but t; € Mg then there are two subcases:

o If u = uyty where t1 —>pmy w1, then ug € Npg (Prop. 1.3) and there are
two possibilities:
x If v = tyvy where to < pmx U2 then, for w = wuyvs we have that
U S nmx W amxé— V. .
x If v = vty where 1 —>nmx v1 then by the i.h. there is wy s.t. U1 —>nmx

’
W1 amx ¢— 1. Since v; € Nig (Prop. 1.3), we have that u N
e/
W nmxé— v for w = wits.
o If u = tjus where to —>nmx s then the cases are similar as above.
’
— If t; ¢ Npg then u = ujty and v = vty where Uy pmx = 1 —nmx V1.
!

By the i.h. there is w1 S.t. U] —pmx W1 nmx4— v1. If abs(uy) then either
tl = ()\i[.tll)tlg and Uy = tll{l'/tlg} or tl = ()\x.tu)tlg and U = t11~ In
either case we would have that u = v. Then, the only diverging case is when

’
—abs(u1) and —abs(v;), therefore u s nmx W nmxe— v for w = wyts.

Corollary 1. — . is mazimal.
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3 Types

In this section we recall the non-idempotent type system for a maximal reduc-
tion strategy given in [1], which we will refer to as MX. This can be seen as an
extension of Gardner’s system [18], but in which tight types are used to identify
persistent term constructors, that is constructors that are not going to be con-
sumed by reduction. The sets of types (7) and multi-types are given by the
following grammars:

ight-types) t i:= e, | op/ ypes o,7T. =t —0
tight-t t A
(multi-types) A= [ok]kex

where t denotes tight-types: the constants e, and e, denote the type of any
term reducing to a term in M and N, respectively. A multiset type (multi-types)
is an unordered list of (not necessarily different) elements where K denotes a
(possibly empty) finite set of indexes. We use [ ] to denote the empty multiset.
We write |A| to denote the number of elements of the multiset A. For example
[onr, [onr] — onr, 0a7] is @ multi-type of 3 elements, representing the intersection
type opn N ([ox] — oa7) Nepr, where N is an associative, commutative and non-
idempotent intersection type constructor. We write LI to denote multiset union.
As usual the arrow constructor is right-associative.

A typing context I is a map from variables to multi-types, such that only
finitely many variables are not mapped to the empty multiset [ ]. We write
dom(I") to denote the domain of I", which is the set {z | I'(z) # [ ]}. We may
write ['#A if and only if dom(I") and dom(A) are disjoint. Given typing contexts
{Tk}kerx we write +rex [y for the context that maps x to UgexIk(z). One
particular case is I' + A. We sometimes write I'; A instead of I' + A, when
I'#A, and we do not distinguish I";z : [] from I'. Context inclusion relation
is defined by: A C I' iff 31", A+ I"” = I'. The typing context I'\\ z is defined by
(I'\ z)(y) = I'(y) if y # « and [] otherwise.

We write tight(o), if ¢ is of the form e, or 5. We extend this notion to
multi-types and typing contexts as expected, that is, tight([o;]icr) if tight(o;)
for all i € I, and tight([") if tight(I'(z)), for all 2 € dom(I").

The typing assignment system MAX is given in Figure 2. Indexes in the pair
(b,7) in a typing I l—r(fx’r) t : 7 are related with the number of —,ny steps and the
size of corresponding normal form, respectively, (see Ex. 1) and will be mostly
ommitted throughout the paper. We use @>1" b t: o (tesp. P> by t: A)
to denote a type derivation ending with the sequent I' by ¢ : o (resp. 1" Fmx
t: A). The size of a derivation @, denoted by sz(®), is the number of all typing
rules but many_ , and none used in ¢. Note that rule (none) demands typability
of the premise, not allowing arguments of erasing-functions to be untyped thus
preventing divergent terms as arguments.

System MX is relevant: if $ > I' by ¢ @ 7 then dom(I") = £v(t). In other
words, no weakening is allowed in the typing system. Given a derivation @ >
I'tox t: T, we say @ is garbage-tight if tight(c) in every application of rule
(none); and is (maximal) tight, denoted by tight(QP), if it is garbage-tight,
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———————— (aX
x:[T]I—,(,&‘O)x: T( )
re&m e - et ¢ tight((z)
(b+1,7) (funy) (bt D) (fun,)
M\ ztn " Axt: INx)—T '\ z Az.t: ep
reE& e Asr AFE D uw: A rE8 ey AFS e
[+ AR oy 7 (apee) D+ ARG oy ey (appr)
(A FEETE) 1 o) ek |K|>0 ARSIt o

(none)

(many>0)

+rex Ak |—r(n+xkEKbk’+k€KTk> t: [oklker AR ¢ []

Fig. 2. System MX

tight(I") and tight(7). Tightness is the key notion in the typing system, in
which persistent and consumable (term) constructors are discriminated. Such
classification allows one to give precise measures on both number of steps and
size of the corresponding normal form.

Ezample 1. Consider t = (Az.xIz)A, with I = Az.z and A = A\y.yy. Let B =
[[[QM]%OM]*}[OM}%.M,[.M}*)OM} and A = [’M;Bﬁ) [OM]—)OM]. Let @

1 T2
be:
z: [ FOO 2 my
(o] FOO z: ap z:[op] FOD z: ey z: ] FOY 2 oz ] FOO &[]
z: [on, on] FOY za: ey z: BFOY 2 [ep] e
FO2 A ey FEO AL B (o] —oum
FE2 AL A
and &1 be:
] FOY 2 oy o] FOO g epy
FOO 1. 7y FL0 T
FCO 1. B

We have the following tight derivation for ¢:

x: [B—[or]— on] FOO & Blom]—om (Pr)o0) o] FOD z: ey

z: [Bo[om]—om] O 2T o] — e z: [op] OO 2 (o]
z: AFGO 21z ey
FOO Zz.xIz): A—epm D2,

G2 A\z.xIz)A : e

Moreover, t —nmx AIA = pmx ITA —nmx IA —nmx A. In other words, ¢ —pmx-
normalization has 4 = 8/2 steps with normal form |A| = 2. Notice that the A
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copy typed with e, in @ characterizes its abstraction constructor as persistent,
not consumed during normalisation, i.e. its A is not applied and, in this case,
occurs in t’s normal form.

We now recall some properties from [1] that are relevant to our work. Prop-
erties regarding normal forms?, such as typability with a tight derivation, and
(Anti) Substitution Lemmas do not depend on the reduction strategy and thus
trivially holds in the current presentation. Below we present one of such proper-
ties, which play a role when considering nmx-reductions.

Lemma 2 (Tight spreading on neutral terms for MX][1]). Ift € My and
D> T by t: 7 st tight(I') then tight(7).

Proposition 2 (Quantitative Subject Reduction). If ¢ > I R r

is tight and t <s.mx t' then there is a I" C I' and a tight derivation &' s.t.
7 (b=2,r—e€) 4

I Frox thoT.

Proof. As in [1], the proof is by induction on t <, ' of a stronger property:
Let t Somy t/, &> T F& ¢ 1 7 garbage-tight, tight(I") and either tight(r)
or —abs(t). Then there are a tight(I”) s.t. I” C I' and a garbage-tight typing
&I FE29) ¢ 1 Tt s sufficient to analyse the only case in which reduction
—nmx differs from the deterministic strategy in [1]. Lemma 2 is used in this case,
which holds for terms in Mng. Therefore, the proof steps are the same as in [1].

We can then establish the corresponding subject expansion property with a
similar consideration regarding Lemma 2.

Proposition 3 (Quantitative Subject Expansion). If ¢ > I }—,(f;r) t: T
is tight and t' Sspomx t then there is a I' C I and a tight derivation &' s.t.
eSO g g
mx - T
Given that (quantitative) subject reduction and expansion properties still
hold for nmx-reduction, tight correctness and completeness is proved as in [1].

Theorem 1 (Tight Correctness for nmx). Let &> I I—ST?;(T) t: T be
o b/2

derivation. Then there is an integer e and a term u € M s.t. t =, . v and
|u| + e =r. Moreover, if T = o5 then u € N.

a tight

k
Theorem 2 (Tight Completeness for nmx). Ift 5w with u € M, then

there exists a tight typing ® > I' "San"uHe) t : 7. Moreover, if u € N then
T = o, and if abs(u) then 7 = op4.

Remark that, by the correctness and completeness results, an abstraction
typed with e, in a tight derivation is in fact persistent. In other words, it
occurs either in the normal form —contributing with |u|- or in some normal form
erased along the reduction —contributing with e in the corresponding step.

4 both deterministic and non-deterministic strategies have the same normal forms
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E(x:0)<(y,{z:[y:0a]}), yfresh
E(x:t) < (z{z:[z:t]})
ENx.t: [Ti]iz1..n — 0) 9 (A1 ... 20 t7, A),if for some n > 0 and fresh z1,...,x,

E(t: ) QA {x [z T, T TR}
EQxt:[]— o)<zt A), if x ¢ fv(t) and
Et:o)<(t",A)
ENxz.t: ep) < (Az.t", A),if for some tight type t and n > 0
Et )<t A{z:[x:tr,...,x:tn]})
E(tu: o) < (tour .. . Um, +j=0..mA;), if for some m >0 and 71,...,7m
E(t: [15]j=1..m — o) < (to, Ao) and (& (u: 75) < (ujz, 4;))
E(tu: o) < (t*u”, A1 + As), if for some type T
Et:[]—=o)a(t", A1) and E(u: 7)< (u", As)
E(tu:on) < (t™u”, Ay + A2), if for some tight type t
E(t:on)<(t", A1) and &(u:t) < (u”, Az)

j=1l...m

Fig. 3. Expansion £

4 Weak-linearisation for strongly normalising terms

In this section we present our expansion relation, following the relation by Florido
and Damas [17]. The expansion relation &, associates to a A-term ¢ typed with
a non-idempotent type ¢ in MX, an expanded (weak-linear) A-term u and an
expansion context A.

An expansion context A is a map from variables to multisets of the form
[y1 : 01, Ym : Om], where y; is variable and o; is a type, and such that
only finitely many variables are not mapped to the empty multiset [ ]. As for
typing contexts, we define dom(A) to denote the domain of A, which is the set
{z | A(z) # []}. The notions of +rcx A, and A;; Ay, are defined as in the
case of typing contexts but taking multisets of pairs x : o, instead of multisets of
types. The expansion relation &(t : 0)<(u, A) is inductively defined in Figure 3.

Ezample 2. Considering t = (Az.xIz)A from Example 1, with (tight) typing
> |_£§>;2) (Az.xIz)A : e See Figure 4 for the complete expansion of ¢, where
A= [onm;, B—[op] o] and B = [[[or] = o] = [o1] = o1, [o4] = o04]-

We now prove some basic properties on &.

Lemma 3 (Basic properties of &). If &(t: o) < (u, A), then:

1. If —abs(t) then —abs(u).
2. Ift € Npg then u € My.
8. Ift Aomx then u A amx-
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E((A\z.xIz)A : ep) < ((Ar3z4.231Ix4)(AT1Z2.2122) (AT 2T), )
EMz.xlz: A—epn) < (A\x3za.x311za, D)
E(xlz: op) < (z31lzg, {z: [x3: B [opm]—on, s : opq]})
E(xI: [op] > on) < (31, {z: [x3: B—[oam] > or})
E(x:B—[op] o) <(x3, {x:[x3: B—[opm]—on]})
E(T: [[orm]—or] = [ord] 7 o01) < (Ax5.5,0)
£ [oat] = on) < (25, {2 : [ : [ ]~ om]})
5(1 : [.M]—)OM) < ()\QZ’G.ZEG,@)
E(x:opg) < (mg, {2 : [T6:0M]})
E(x:opg) < (xa,{z:[Ta:00m]})
ENz.xx : B—[0pm] > o) < (Az122.7172, 0)
E(xzx: [opm] > op) < (z122, {T: [T1 : [[oMm] = 0] = [Or] = 0r1, T2 2 [o01] = 004]})
E (@ [[or] = or] = [ort] = ort) < (z1,{m = [z1 : [[or] = o] = [0r1] = 0r4]})
B s (o] on) < (12, (o2 (22 [ ] > om]})
ENz.xz s 0pq) < (Ax.TT, D)
E(xx:on) < (zz,{z:[x:eon,z:0x]})
E(x:on) < (z,{x:[x:on]})
E(x:on)<(z,{z:[x:on]})

Fig. 4. An expansion for (Az.zIz)A : ey

Proof. 1. Follows by contraposition from the fact that the result of & is an
abstraction only when the initial term was itself an abstraction.

2. By induction on t € Nyg.

3. It suffices to prove that if &(t : o) < (u, A), then ¢t € M implies u € M. A
slightly stronger result is then proved by induction on ¢: (1) If ¢ € A/ then
weN; (2)If t € M then u € M.

Let A be an expansion context. The typing context associated to A,
denoted I'y4, is defined by:

F{x:[m:tl,...7:v:tn]} = {1’ : [tla R atn]} FA+B = FA + FB
F{w:[a;lz‘rl,“.,wn:'rn]} = {‘T : [7—17 ceey Tn]}

We say that A is tight, denoted by tight(A), if tight(I4).

Lemma 4. If &t : 0) < (t1,A), then @> L'y by t = 0. If & is (garbage-)tight
then we say that the expansion is (garbage-)tight.

Corollary 2. If &(t:0) < (t1,A), then x € dom(A) iff x € £v(¢t).

Lemma 5. If > I' by t 2 o then there are u and A, s.t. £(t : o) < (u, A),
where I'y = T

Proof. By induction on ¢. We present the case for rule (funp): I'\\ & Fmx Az.t :
I'(z)— 7 follows from I' by ¢t : 7. We have two cases:
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— If I'(z) = [7)i=1..n, thus I’ = I'";x : [;]i=1...n, then by the 4.h., there exists
u and A, such that &(t : 7) < (u, A) with I’y = I'. Then A = A’;{x : [z; :
Tly.«.y &y : Tpl}, with some zq,...,x, fresh variables and 'y, = I''. From
which we get &(Az.t : [Ti]iz1..n = 7)< Az .. xpu, A'), and Ty = I =
I'\\ z as required.

— If I'(z) = [ ], then by the i.h. , there exists v and A, such that &(¢ : 7)< (u, A)
with I'y = I'. Note that, by relevance of MX, x ¢ £v(t), therefore, &(A\z.¢ :
[]—= 7)< (Azu, A), and I'y = I' as expected.

Lemma 6. If &(t : o) < (to, Ao;{z : [x1 : T1,...,2n ¢ Tu]}), then © occurs n
times i t.

Lemma 7. If&(t: o)<(to, Ao;{z : [x1: 71, -, &0 : Tu]}) and &(u = 1) <(uiy Ag)
fori=1...n withn > 0, then &(t{u/xz} : o) < (to{ur/x1,...,un/xn}, Ao +
A+ -+ A,). Moreover, if premise expansions are garbage-tight then so is the
resulting expansion.

Proof. By induction on ¢t. We present the case for ¢ = Ay.t’ with its three sub-
cases:

— E\y.t' : [oi)ic1.m = o) S (Ay1 - Ym A {x s [y s T, TR ), fOl
lows from &t : o) < (t*, A {x : (21 7, yxn ) {y Y1 101, Ym
oml}), with y € £v(¢') (which is guaranteed to be garbage-tight whenever the
main expansion is, by Lem. 4). By the i.h. &(t'{u/x} : o)a(t*{us /21, ..., upn/zn}, A+
Art 4+ An{y  [y1 01, o Ym : om]})®, from which follows &(Ay.t'{u/x} :
[O’i]izlmm — 0') < ()\yl .. .ym.t*{ul/xl, e ,un/xn},A + A+ + An)

— &yt ] = o)<yt A{x : [z T, ¢ Tal}), follows from
EM o)t A {r [z 2 T,y 2 TR]}), With y € fv(¢). By the
i.h. & {u/x} : o)a(t*{ur/z1, ... un/xn}, A+ A1+ - -+ A,), from which fol-
lows & \y.t'{u/z} : [] = o)Ayt {us/z1, ..., un/zn}, A+ A1+ -+ A)S.

— EAy.t' cep) <Ayt  As{x i [y i Ty Ty TR}, follows from &(¢ : t) <
A {z [z, {y i [yt .,y st ). Then &t {u/x} :
t)<(t{ur/z1,. . un /e, A+ A1+ + A {y [y t1,...,y: tm]}) by the
i.h., from which follows &(A\y.t'{u/x} : ep) <Ayt {ws/z1,. .., un/zn}, A+
A+ -+ Ap).

Theorem 3. Let &(t1 : t) < (u1, A1) be a tight expansion and t1 —>amx ta:

1. There is a term us such that &(ta : t) < (ua, Az) is tight, up —) . U2 and
Ay C Ay

2. If —~abs(uy) then for any u' # ug S.t. Ul iy U2 = UL s U
—abs(u').

!/ H*

nmx 42,

5 Note that A{y:[yr:01, - yymiom]) + A1+ -+ A=A+ A1+ + An; {y:
[y1:01,...,Ym : om]} since by BVC y ¢ fv(u) thus y ¢ dom(A4;) for each 1 < i < n.
5y ¢ fv(t') and by BVC y ¢ fv(u) thus y ¢ £v(t'{u/z})
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Proof. By induction on t; —ymx t2 We prove a stronger first statement: if & (¢1 :
o) < (uy, Ay) is garbage-tight, with tight(A;) and either tight(o) or —abs(ty),
and t1 —nmx 2 then there is ug such that &(t2 : o) < (ug, A2) is garbage-tight
with tight(As), A2 C Ay and uy —%,, us. We present the case tu —>qmx tu/, if
t € Nhg and © —nmy @', With its three subcases:

— E(tu : o) < (tour ... Um, +j=0..mA;), if for some m > 0 and 7,..., 7,
there are garbage-tight expansions &(t : [7j]j=1..m — 0) < (t9, Ap) and
(&(u:75) < (uj, Aj))=y.,, With tight(A4;),j =0...m. By the i.h. for each
j=1...m, & : 7;) < (u}, A}), a garbage-tight expansion with tight(A%),
A% C Aj and uj — ). Therefore, &(tu’ : o) a(tou] - . . uy,, Ao+j=1..m A)
is a garbage-tight expansion with tight(4g +j:1...mA;') and Ay +j:l...mA;‘ C
+;=0..mA;. By Lemma 3.2 we have tg € Nyg thus tou] ... u} € Ny for any
1<i<mand touy ... Upm —>img L0U] -+ U —nmx - - - i -

— &(tu : o) < (tour, Ag + Ay), if for some tight 71, there are garbage-tight
expansions & (¢t : [ | = o)<(to, Ao) and & (u : 71)<(u1, Ar) with tight(A4;),i =
0,1. By the i.h., &' : 1) < (u}, A}) is garbage-tight with tight(A}) and
A} C Ay and uy —%,,, uy. Therefore, & (tu' : o)<(touy, Ay +A}) is a garbage-
tight expansion with tight(Ay+ A}) and Ag+ A} C Ag+ A;. By Lemma 3.2
we have tg € Ny thus tou; —7,., tou].

— E(tu: opr) < (t*u*, A1 + As), if for some tight type t there are garbage-tight
expansions & (t : ex/)<(t*, A1) and &(u : t)<(u*, Ao) with tight(A4;+A42). By
the i.h., &' : t) < (u”, A}) is a garbage-tight expansion with tight(Aj),
Al C Ay and u* —f,, u”. Therefore, &(tu’ : o) < (t*u”, Ay + Al) is a

garbage-tight expansion with tight(A4; + A}) and A; + A, C Ay + As. By
Lemma 3.2 we have t* € Mg thus t*u* —* _ t*u”.

nmx

/
touy ... u

5 A Characterisation of Weak-Linear Terms

In this section we introduce System WL, proving that a term is tight-expanded
if and only if its expansion is tight-typable in WL. Let WL be the typing system
with linear types, i.e. with types as in T where multi-types are restricted to either
empty or unitary multi-sets, i.e. with |K| < 1. Recall that our notion of linear is
what is often referred to as affine, but given the relation of this work with [27]
and [17], we will continue to use their notion of linear function.

The typing assignment system WL is given by the rules in Figure 5. System
WL is a restriction of System MX, i.e. if I’ l—éfl’r) t: 7 then I }—S,?;f) t: T
where 7 is linear. (Garbage-) tightness of derivations in WL thus have the same
properties, allowing a characterisation of weak-linear terms as defined in [6]: A
term t is weak linear if in any reduction sequence of ¢, when there is a contraction
of a B-redex (Az.u)v, then x occurs free in u at most once.

Theorem 4 (Characterisation of Weak-Linear Terms). A term t is weak-
linear iff t is tight-typable in system WL.
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A }—(bl’r) t:o A F(ZT’T) t: o
— o (ax) + (one ("27,7) (none)
L e ARt o] A7t ]

rE®D ¢ tight(I(z))
'\ z I—SVZ;’TH) Az.t: opg

re e r@) <1
"\ z I—‘EVIT+1’T) Azt D(z)—=T

(fun,)

r F\(Nzi‘r) t: on A F‘(Nbll’r/) u:t
D+ ARG+ 4 e

rEdD e Asr ARY s A
'+ A Fivﬁ+bl+1’T+r/) tu: T

(app,) (appl’)

Fig. 5. System WL

Proof. Let &> I I—\Efl"r) t : 7. By induction on ¢ we prove that any abstraction
Az.u in t where v has multiple free occurrences of z must be typed with rule
(fun,). Since @ is also a tight derivation in MX, by tight-correctness (Thm.
1) such abstraction is either in the corresponding —,mx-normal form or is in a
normal form erased along normalisation, i.e. is not applied in any step along
the — mx-normalisation. On the other hand, tight typability of normal forms
(see [1]) is still true for system WL. Therefore, by WL-typability of terms in M,
tight-completeness (Thm. 2) and observing that for any reduction step of a weak-
linear term the typing restriction in system WL is sufficient for a (quantitative)
subject expansion in the system, any weak-linear ¢ is typable in system WL.

In order to establish a relation between typings in MX and in WL, we introduce
a type translation and a mapping from expansion contexts, similarly to [17].
Type translation w(—) is defined by:

w(t) =t w([7i]i=1...m) = [W(7j)]j=1..m
w([]=7)=[]—=w(r)  w(oiizi..m = 7) =[w(o1)] = - = [W(om)] = w(r)

Extension of w(—) to typing contexts is straightforward. Expanded Context
I'q is defined for any expansion context A by:

T iy = {25 (61, 8]} IS, ,=T5+T%
F{ex:[zl:ﬁ,...,xn#n]} = {Il : [W(Tl)]a ceey It [W(Tn)]}

Ezample 3. Considering t = (Az.xIx)A from Ex. 1, with (tight) typing &> &2
(Az.xIz)A : epq and expanded term tg = (Axsxg.2311xy)(Ar122.2122) (AT.2T)
(see Fig. 4), we present the WL typing corresponding to its expansion steps:

Unexpanded copy of A given by &(A\z.xx : o) <(Az.xzx, () has a WL typing
@ no different from the corresponding MX" typing:

x: [on] F&?’m T:en T:[en] I—‘(N?’O) T e

T [on, on] F&?’l) TT: en

}—Slw) AT.TT O



14 S. Alves and D. Ventura

On the other side, the expanded copy of A given by &(Az.xx : B— [ex] — o)<
(Az1x9.2129,0) for B = [[[eam] — @] — [®r1] — @ a1, [@41] — @] has the corre-
sponding WL typing &', for p1 = [erq] — e 4, of the form:

22+ [pr]

z1: (o] = @ FOP a1 : fpr] = o1 @2 [oa] O 22k [i01]

T2 @ 1

w22 1)1 : [[o1] = 1] PG w12 1

21 [lo1] = @] 0 Avsanas : [p1] = o1

Fa O Aovmsaws ¢ 1] = 1] = [e1] = n

where w(B — [or] = om) = w(([1] = ¢1, 1] = @1) = [[e1] = 1] = [p1] = 1.

Finally, given expansion &(Az.zIz : A— ep) <1 (Axzzg.x311myg,0) for A =
[ort, B — [op] = o], let w2 = [p1] — @1 and @3 = [p2] = @2. From WL
typings ¥(p1) and ¥ (eaq):

@5 [p1] "5,?’0) Ts5 1 p1 Z6 : [oM] I—‘Evol‘o) T6: O
Fall’o) Azs.x5 1 [p1] = 1 }—Svll’o) AZ6.Z6 : [Oa1] — O a1
F\EVII’O) Azs.zs5 ¢ [[o1] = ] FSVII’O) Az6.T6 : [[®m] — o]

we have derivation ¥’ of the form:

w3 el 0 @5 s (1)
z3 : 3] F\(NQI’O) 231t @2 U(ors) Ta:[opn] F‘EV?’O) Ty Op
. (4,0) . . (0,0) .
x3 : [4,03] |—W| z3II: @1 T4 : [‘M} }_wl T4 [.M]

x3 : [ps], T4 : [op] I—Sfl’o) z3IIzy : o pq

x3 : [ps3] FSV?’O) Azq.231Ixs 1

F\(AZ’O) Aesza.x3Ilzy @ [p3] = o1

where w(A— o) = [¢3] — 1. Then we get the (tight) typing ¥r> F\(NllQ’Q) to: en.

We prove that any expanded term is typable in system WL.

Lemma 8. If&(t:0)<(t1,A), then there is a derivation Wi>I'§ I—sfl’r) t1: w(o).
Moreover, if the expansion is (garbage-)tight, so is W.

Proof. By induction on t. We present the case when t = t'u':
— &t o)< (tou) ... ul,, Bo+ -+ Bp,), if for some m > 0 and o1, ..., 0m,
(o@(t/ : [Uj]jzl...m — O') < (to,Bo) and (5(u’ : CTj) < (u;,Bj))j:L__m. By Zh,
g, HO0m) b 2 [w(o1)] = -+ — [w(om)] = (o) and (I, 07 o)+ u(oy))

Therefore +]:0mF§J l—(m"l‘j:o...mbj7+j:0...m,7>j) tOU/1 . u'lrn : w(o’) by m ap-

plications of rules (one) and (app), where ti=0.ml, =15 | B,

j=1l..m
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— &' o)<a(touy, Bo+B1),if & : [] = 0)<(to, Bo) and & (v : 7)< (uf, By)
for some type 7. By the i.h., I'g FO) ¢o: [] = w(o) and I's, FOD
w(7). Therefore I'y + I'p, FO+ 414 o - w(o) by rules (none) and
(appb)v where FEO + Fgl = Flego+B1'

— &'y : ep)<(t*u*, B+ Ba), follows from & (t' : epr)<i(t*, By) and &(u' : t)<
(u*,By). By i.h., I'f =) % : ey and I'g, ) y* ;¢ By rule (appl)
we have I'fy + I'g, O 74D oy * o where I'g + I, =T'§ 4 p.-

Theorem 5. If &(t: o)< (¥, A) is tight, then t' is weak-linear.

Proof. Let &(t : o)< (', A) be a tight expansion. By Lemma 8 there is a tight
o> I I—\Efl’T) t': w(o), then by Thm. 4 ¢ is weak-linear.

6 Related Works and Discussions

As we mentioned before, the notion of linearisation of the A-calculus, was first
introduced in [27]. Directly related to this notion is the use of linearisation in
hardware compilation [19, 20] for synthesising digital circuits, in which a notion
of serialization is defined to deal with contraction in concurrent contexts, based
on type information that indicates bounds for the usage of functions. Kfoury’s
linearisation is also closely related to the notion of affine approximations by
Mazza et al. [31], which identifies distinct occurrences of variables that apply
linearly to sequences of arguments. A A-term admits a simply-typed affine ap-
proximation if and only if it has an intersection type (in a non-idempotent and
non-commutative intersection type system).

Non-idempotent types are crucial in the notion of linearisation defined by
Kfoury, similarly to what happens in our work. However the linearisation process
defined in [27] was not presented as a direct encoding of A-terms into terms
of the new calculus. Furthermore, intersections in Kfoury’s work are also non-
commutative, which differs from our approach and has the effect of excluding
valid expanded terms in the sense that they still provide an effective simulation
of the initial term: for example (Axj2z9.2122)11 and (Axi2q.2221)11 can both be
considered valid expansions of the non-linear term (Az.xzz)I. This leads to one
interesting open question regarding the relation between the two approaches.

Our notion of expansion is directly related to the notion of expansion de-
fined by Florido and Damas [17], where non-idempotent intersections were also
considered and the target language was the linear A-calculus. One of the implica-
tions of the expansion relation in [17] is that, any term typable using intersection
types, can be expanded to a term typable using simple types, similarly to what
happens with affine approximations. Also, Bucciarelli et al. [13], have given a
translation of intersection typing derivations into Curry typeable terms, that
preserves [-reduction, since the target language is the simply typed A-calculus.
The expansion relation in [17] is not preserved by S-reduction, but it is preserved
by weak-head reduction. Note that taking into account different algebraic prop-
erties of N, can lead to different expansion relations and different properties on
preservation of reduction.
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Our goal here is to have preservation of normal forms and our target is the
weak linear A-calculus, introduced in [6], in which the notion of linearity is an
operational one: functions are required to be linear, if they are ever applied.
Redexes that are eventually contracted, which correspond to the notion of vir-
tual redexes, are as paths in the initial term, deriving from Lévy’s definition
of labelled reduction [29]. In this work, unlike the approach by Kfoury, the A-
calculus is simulated by a proper linear subset of the calculus, rather than by a
non-standard calculus. Weak linear terms have good properties: non-duplicating
reduction, therefore strong normalisation; it is decidable to know if a A-term
is weak linear; and type inference for weak linear terms is both decidable and
polynomial. Linearisation from standard A-terms into weak linear terms was de-
fined by computing legal paths [8] on the initial term, identifying virtual redexes.
The linearisation procedure preserves (3-normal forms, provided that paths are
chosen in the right way. Furthermore, if the procedure terminates then it yields
a weak linear A-term. However, there is a conjecture regarding termination: the
linearisation procedure is a total function for the strongly normalising A-calculus.
Note that a similar conjecture exists for Kfoury’s linearisation.

Our expansion relies on a quantitative type system that was used in [1] to
extract exact measures for a maximal reduction strategy, which is closely related
to the reduction strategy used in this paper. Both typing system and strategy
in [1] are annotated with measures, which are not relevant to our expansion pro-
cess, but which are essential to prove some properties of our expansion. We also
believe they can provide an appropriate framework to reason about quantitative
aspects of the expansion relation.

In [6], weak linear A-terms proved to be typable in polynomial time. This
was achieved by the definition of a typing system, which we will refer to as WA,
and a corresponding type inference algorithm that proved to type any weak
linear A-term in polynomial time. System W.A can be seen as a generalization
of Hindley’s system of simple types [22,23]. A tight version of system WA,
where tight types are used to type functions that are not applied, can be seen
as an intermediate system between WL and W.A. Translations can be defined
between the systems where tight-types, which can be seen as type constants
with no particular meaning, can be replaced by an appropriate type, therefore
typability in polynomial time is also a property of the class of terms obtained
by our expansion relation.

7 Conclusions and Future Work

In this paper we have defined an expansion relation between strongly normalising
A-terms and weak linear A-terms with the same normal form. This expansion
relation relies on a quantitative typing system and on the notion of tight typings,
which were also used to give an exact typing characterisation of the class of weak
linear A-terms. This work provided an answer to a conjecture that stated that
all strongly normalising A-terms can be encoded as weak linear A-terms.
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To guide our expansion we used a quantitative typing system that provides
measures for reduction sequences as well as the size of corresponding normal
forms. One interesting question that is left for future work is to investigate how
the expansion process affects these measures. Due to its operational linearity,
weak linear A-terms reduce in linear time, but the size of the expanded terms
can be exponential with respect to the size of the term. Our intuition is that this
could potentially show a nice interplay between time and space in computation.

Another relevant question that is left for future work is the relation between
the approach by Kfoury and our approach. As mentioned before, Kfoury relies
on non-commutative intersection types, so there is possibly a class of weak linear
terms corresponding to a unique expanded term in A”. Establishing a relation
between the two approaches could also provide an answer to the conjecture
in [27].
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