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Abstract

This work in progress investigates a type directed encoding of the simply-typed linear substitution �-calculus to session-typed

⇡-processes, taking into account an operational semantics defined by a linear weak head reduction strategy. The encoding adapts

the one by Toninho et. al., which encodes the simply-typed �-calculus into a session-typed ⇡-calculus through linear logic, while

extending it to explicit substitutions, considering a generalisation of the ⇡-calculus operational semantics with reduction rules at a
distance, as proposed by Accattoli. These changes, while weakening the simulation of �-calculus in the ⇡-calculus, when compared

with the 1-to-1 simulation obtained by Accattoli, allow for a tight encoding of well-typed functions as session-typed processes.
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1 Introduction

This paper proposes an in-depth investigation on encodings from functions to processes, focusing on works
proposed by Accattoli [1] and by Toninho et. al. [13].

Ever since Milner’s first encoding of the �-calculus [9], motivated by the desire to establish a canonical model
for the concurrent paradigm in the same way that the �-calculus provides a canonical model for the functional
paradigm, there have been a variety of subsequent encodings for the various extensions of the ⇡-calculus, like
the ones in [10,11,12,5,4], just to mention a few.

Inspired by Milner’s encodings of the �-calculus, Accattoli [1] proposed a tight correspondence between a
�-calculus with linear substitutions and the ⇡-calculus, giving a strong simulation with respect to reduction.
In order to obtain such an encoding, explicit substitutions at a distance were used, however, only the untyped
version of �lsub was considered. In the realm of simply typed terms, Toninho et. al [13], explored the relation
between simply typed terms and session typed processes, through yet another encoding on functions as processes
based on a linear encoding of terms in linear logic.

In this paper, we combine both approaches to obtain a type-directed encoding of a linear substitution
�-calculus, named �lsub-calculus, into session typed ⇡-processes, in which the reduction strategy is the linear
weak head reduction that corresponds closely to evaluation in the ⇡-calculus. The idea is to explore the qualities
of both works, to have an encoding in which the simulation of �-calculus in the ⇡-calculus is as tight as it can
be, as in [1]; on the other hand, we also wish to maintain the correspondence between well-typed functions as
session-typed processes, as in [13]. There is however a mismatch between their encodings: while the former
considers the linear substitution �lsub calculus with explicit substitutions at a distance and an asynchronous
fragment of the ⇡-calculus with unary and binary input and outputs, the latter works with simply typed linear
�-terms, and an synchronous fragment of the ⇡-calculus, which contains only unary input/output in addition
to the forward construct [x $ y] that equates channel names x and y.

Two approaches were considered: to use Acattoli’s encoding and operational semantics, and develop a new
strategy to connect the simply typed �lsub to session typed processes; an alternative is to extend the encoding
by Toninho et. al., which already has the connection with session types, by adding explicit substitutions at a
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distance and investigate what is obtained from the weak head linear strategy of reduction. In this work we have
opted for the latter approach. Although we could inherit a lot from both works, the small changes made on the
encoding and on the operational semantics caused interesting modifications in the final result. To begin, we
consider a simple types discipline for �lsub. To follow the weak head linear reduction strategy we extended the
notions of evaluation/substitution contexts to linear �-calculus. A translation J·Ka from typed �lsub-calculus
to the typed linear �-calculus is extended with contexts and explicit substitutions. Technical results regarding
operational correspondence and dynamic soundness are presented, it is worthy mentioning that their proofs
follow the techniques in [1], due to the semantics involved. The encoding proposed in [13] now extends to
explicit substitutions; therefore, all the intermediate translations that the authors used had to be extended to
deal with explicit substitutions. The simulation results are not as tight as initially expected (Theorems 4.4
and 4.7). This is because of the forward construct, which induces some extra computation steps, resulting in
a scenario where one �-reduction step corresponds to three ⇡-reduction steps.

Organisation.
Section 2 introduces the syntax and semantics of linear substitution calculus �lsub. Some properties of the

calculus are given. Section 3 gives the fragment of the ⇡-calculus that we will work with, operational semantics
and some syntactic properties. In Section 4 we give the encoding from �lsub to ⇡-calculus and then some
simulation results. Finally, Section 5 concludes the paper.

2 Preliminaries

In this section we present a simply typed version of the linear substitution calculus �lsub. Following the steps
of [13], a linear version was used as an intermediate language in obtaining the encoding to session typed
processes. For the sake of clarity, the corresponding �̂lsub-calculus is included in the full report [2]. Basic
notions of the �-calculus are assumed, for more details we refer the reader to [3].

2.1 Simply typed linear substitution calculus �lsub

�lsub is given by the following grammar of terms M,N and types ⌧,�, ⇢, where ↵ denotes base types. Typing
judgments have the form � ` M : ⌧ , where the typing context � consists of a finite set of (term) variable type
assignments of the form x : �, where any variable occurs at most once as subject. Typing derivation rules are
given in Figure 1.

(Terms) M,N ::= x | �x.M | MN | M [N/x]

(Types) ⌧,�, ⇢ ::= ↵ | �!⌧

The constructor M [N/x] is called explicit substitution (of N for x in M), the implicit substitution is denoted
by M{N/x}. The set fv(M) of free variables of M is defined as usual where, in particular, fv(M [N/x]) =
(fv(M) \ {x}) [ fv(N).

�, x:⌧ ` x : ⌧
(ax)

� ` N : � �, x:� ` M : ⌧

� ` M [N/x] : ⌧
(cut)

�, x:� ` M : ⌧

� ` �x.M : �!⌧
(! i)

� ` M : �!⌧ � ` N : �

� ` M N : ⌧
(! e)

Fig. 1. Typing Rules for �lsub

Contexts and Operational Semantics for �lsub.
An evaluation context, denoted by ES , is defined according to the following grammar:

E; := ([ · ]) | E;M ES]{x} := ES [M/x] | ES]{x}M

A substitution context, denoted by LS , is given by:

L; := ([ · ]) LS]{x} := LS [M/x]

In both cases, S denotes the set of variables captured by the context. Evaluation contexts will range over
E,E0,E00

, . . . whereas substitution contexts will range over L,L0,L00
, . . .. For instance, the list context ([ ·

])[M1/x][M2/y] can be denoted by L{x,y}([ · ]), where L{x,y}([N ]) denotes N [M1/x][M2/y].
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Operational semantics is defined by the linear weak head reduction ( given as the union of closure by
evaluation contexts of the rules (dB and (ls:

LS([�x.M ])N (dB LS([M [N/x]]) ES([x])[N/x] (ls ES([N ])[N/x], if x /2 S

Both rules assume that fv(N) \ S = ;.
In order to establish soundness of type assignments, proving the subject reduction property, a linear)

substitution lemma is proved beforehand as usual, being a particular case of partial substitutions[8].

Lemma 2.1 (Subject Reduction) If � ` M : ⌧ and M ( M 0 then � ` M 0 : ⌧ .

Proof. By induction on (, with a Linear Substitution Lemma. 2

3 The ⇡-calculus

We consider a fragment of synchronous ⇡-calculus without sums, with the forwarding process:

P,Q ::= xhyi.P | (⌫x)P | x(y).P |!x(y).P | (P | Q) | [x $ y]

The set fn(P ) of free name of a process P is defined as expected, considering (⌫x) and x(y) as binders. In
other words, fn((⌫x)P ) = fn(P ) \ {x} and fn(x(y).P ) = (fn(P ) \ {y}) [ {x}.

A non-blocking context, range over N,N0,N00
, . . ., is also parameterized by a set S of variables, and defined

by:
N; := ([ · ]) | (N; | Q) | (P | N;) NS]{x} := (⌫x)NS | N;([NS]{x}])

Structural congruence ⌘ is the least congruence generated by the following rules and closed by non-blocking
contexts.

P | (Q | R) ⌘ (P | Q) | R
x /2 fn(P ) ) P | (⌫x)Q ⌘ (⌫x)(P | Q)

(⌫x)(⌫y)P ⌘ (⌫y)(⌫x)P

P ⌘↵ Q ) P ⌘ Q

P | Q ⌘ Q | P
[x $ y] ⌘ [y $ x]

Operational Semantics
The reduction relation !⇡ is defined by the rewriting rules, closed by non-blocking contexts modulo ⌘:

xhyi.Q | x(z).P !⌧ Q | P{y/z}
xhyi.Q |!x(z).P !!⌧ Q | P{y/z} |!x(z).P

(⌫x)(P | [x $ y]) !r P{y/x} (provided x 6= y)

Pi-calculus at a distance.
Consider the reduction rule )⇡ given by the closure by non-blocking contexts of the relation: if x /2

S [ V [W , then

NS([xhyi.Q]) | N0
V ([x(z).P ]) )⌧ N0

V ([NS([Q | P{y/z}])])
NS([xhyi.Q]) | N0

V ([!x(z).P ]) )!⌧ N0
V ([NS([Q | P{y/z} |!x(z).P ])])

NS]{x}([N0
V ([P ]) | N00

W ([[x $ y]])]) )r NS([N0
V ([N

00

W ([P ])]){y/x}])

The reduction rules in )⇡ take in account the forward construct. In addition, there are conditions on the
variables which are implicit from the Barendregt’s Convention on bound variables: S \ V = ;, S \ fn(P ) = ;
and fn(NS) \ V = ;.

Lemma 3.1 Let S be a set of variables, NS a non-blocking context, P a process such that fn(P )\ S = ;, and
x, y /2 S. Then

(i) NS([Q]) | P ⌘ NS([Q | P ]).

(ii) If x /2 fn(NS) then (⌫x)NS([P ]) ⌘ NS([(⌫x)P ]).

Lemma 3.2 (Harmony Lemma) Let P and Q be processes:
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�;x:⌧ ) [x $ a] :: a : ⌧
(id)

�;�, x:� ) P :: a : ⌧

�;� ) a(x).P :: a : �(⌧
(( R)

�; ; ) P :: b : ⌧

�; ; ) !a(b).P :: a : !⌧
(!R)

�, u : �;� ) P :: a : ⇢

�;�, b :!� ) P{b/u} :: a : ⇢
(!L)

�;� ) P :: b : � �;�
0, x : ⌧ ) Q :: a : ⇢

�;�,�0, x : �(⌧ ) (⌫b)xhbi.(P | Q) :: a : ⇢
(( L)

�, u : �;�, x : � ) P :: a : ⇢

�, u : �;� ) (⌫x)uhxi.P :: a : ⇢
(copy)

�;� ) P :: b : � �;�
0, x:� ) Q :: a : ⌧

�;�,�0 ) (⌫b)(P | Q) :: a : ⌧
(cut)

�; ; ) P :: b : � �, u : �;� ) Q :: a : ⌧

�;� ) (⌫u)(!uhbi.P | Q) :: a : ⌧
(cut!)

Fig. 2. Session Typing Rules

(i) There exists P 0 such that P ⌘ P 0 )⇡ Q i↵ there exists Q0 such that P )⇡ Q0 ⌘ Q.

(ii) P !⇡ Q i↵ there exists Q0 such that P )⇡ Q0 ⌘ Q.

4 Functions as Session Typed Processes

In the present section we relate simply typed terms in the �lsub-calculus to its corresponding encoding as a
session typed process. The encoding is derived following [13], in which intermediate steps are omitted. It is
worth noticing that, in an encoding of �lsub in a linear calculus, named �̂lsub, explicit substitution translations
were understood through terms already present in the linear calculus of [13] and evaluation/list contexts
encodings were straightforward. Having said that, the translation from �̂lsub to session typed processes has no
essential di↵erence from [13] (see [2] for further details).

Remark 1 As for the original encoding of the �-calculus into the ⇡-calculus given by Milner, the encoding of
�lsub into ⇡-calculus is parameterized by a channel name a as in [1] we will assume that these special names
are taken from a set A which is disjoint from the set of variable names V , and whose elements are denoted by
a, b, c, . . ..

A typing judgement for processes is of the form �;� ) P :: a : A, where P is a process that implements
a session of type A on channel a, based on assignments of types to channel names given by the contexts �
and �. Channel names in �,� and a must be mutually distinct, renaming of bound names are assumed when
necessary. The standard session typing rules are given in Figure 2 are taken from [6].

4.1 Encoding of �lsub into ⇡-calculus

The encoding J·Ka from �lsub to ⇡-calculus below, is basically the same encoding J·Kz given in [13], extended
with explicit substitutions 1 .

JxKa = (⌫y)uxhyi.[y $ a]

J�x.MKa = a(x).(⌫y)([x $ y] | JMKa{y/ux})
JMNKa = (⌫b)(JMKb | (⌫c)bhci.((!c(y).JNKy) | [b $ a]))

JM [N/x]Ka = (⌫b)(JMKa{b/ux} |!b(c).JNKc)

The example below illustrates the encoding of the �-term (�x.M)N as well as some reduction steps:

1
variables named ux correspond to unrestricted variables in the �̂lsub linear calculus, encoding a term variable x from �lsub
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Example 4.1 For reduction:

J(�x.M)NKa = (⌫b)(J�x.MKb | (⌫y)bhyi.((!y(c).JNKc) | [b $ a])) (1)

= (⌫b)(b(x).(⌫y0)([x $ y0] | JMKb{y0/ux}) | (⌫y)bhyi.((!y(c).JNKc) | [b $ a])) (2)

⌘ (⌫b)(⌫y)(b(x).(⌫y0)([x $ y0] | JMKb{y0/ux}) | bhyi.((!y(c).JNKc) | [b $ a])) (3)

⌘ (⌫b)(⌫y)(bhyi.((!y(c).JNKc) | [b $ a]) | b(x).(⌫y0)([x $ y0] | JMKb{y0/ux})) (4)

)⌧ (⌫b)(⌫y)((!y(c).JNKc) | [b $ a] | (⌫y0)([y $ y0] | JMKb{y0/ux})) (5)

⌘ (⌫y)((!y(c).JNKc) | (⌫b)((⌫y0)([y $ y0] | JMKb{y0/ux}) | [b $ a])) (6)

⌘ (⌫y)(⌫b)(⌫y0)((!y(c).JNKc) | [y $ y0] | JMKb{y0/ux} | [b $ a]) (7)

⌘ (⌫y0)((⌫y)((!y(c).JNKc) | [y $ y0]) | (⌫b)(JMKb{y0/ux} | [b $ a])) (8)

)r (⌫y0)((!y0(c).JNKc) | (⌫b)(JMKb{y0/ux} | [b $ a])) (9)

)r (⌫y0)((!y0(c).JNKc) | JMKa{y0/ux}) (10)

As expected, the encoding preserves typability.

Theorem 4.2 If � ` M : ⌧ then hh�ii; ; ) JMKa :: a : hh⌧ii

Proof. Induction on � ` M : ⌧ . We present the case for (cut) rule:
� ` N : � x:�,� ` M : ⌧

� ` M [N/x] : ⌧
By i.h.we have both hh�ii; ; ) JNKb :: b : hh�ii and ux:hh�ii, hh�ii; ; ) JMKa :: a : hh⌧ii. Therefore,

hh�ii; ; ) JNKb :: b : hh�ii
hh�ii; ; ) !y(b).JNKb :: b : !hh�ii

ux:hh�ii, hh�ii; ; ) JMKa :: a : hh⌧ii
hh�ii; y : !hh�ii ) JMKa{y/ux} :: a : hh⌧ii

hh�ii; ; ) (⌫y)(!y(b).JNKb | JMKa{y/ux}) :: a : hh⌧ii
2

Regarding subject reduction, not all terms in structural-equivalent classes of terms are typable. We illustrate
this issue in the example below.

Example 4.3 [Cont. Example 4.1]
Let � ` (�x.M)N : ⌧ . Then hh�ii; ; ) (⌫b)(J�x.MKb | (⌫y)bhyi.((!y(c).JNKc) | [b $ a])) :: a : hh⌧ii, from

Thm. 4.2, where J(�x.M)NKa = (⌫b)(J�x.MKb | (⌫y)bhyi.((!y(c).JNKc) | [b $ a])) is the term in (1)/(2).
When reducing from term in (4) to term in (5), the latter is not typable in the session system. On the

other hand, term in (6) is typable in the system:

hh�ii; ; ) (⌫y)((!y(c).JNKc) | (⌫b)((⌫y0)([y $ y0] | JMKb{y0/ux}) | [b $ a])) :: a : hh⌧ii

.

4.2 Simulation Results

In this subsection we show that simulation of one step in the �lsub-calculus demands exactly 3 steps of the
⇡-calculus in the corresponding encoding (Theorems 4.4 and 4.7), while completeness is obtained directly
instead of relying in some sort of substitution lifting as introduced in [13] 2 . In order to obtain such results,
technicalities regarding the interaction between contexts and reduction had to be proven. Complete proofs are
available in [2].

Theorem 4.4 (!⇡ 3-simulates ( via JKa)

(i) M 0 (dB N implies JM 0Ka )⌧
2)r⌘ JNKa.

(ii) M 0 (ls N implies JM 0Ka )!⌧)r⌘ JNKa.

Proof.

2
Definition 3.2 and Theorem 3.3 of [13]
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(i) Then M 0 is of the form M 0 = LS([�x.M ])N and the proof is divided in two cases, depending on the
substitution context LS . For instance, when LS = ([ · ]), then M 0 = (�x.M)N and the reduction occurs in
the head, that is, M 0 = (�x.M)N (dB M [N/x]. Notice that

J(�x.M)NKa = (⌫b)(J�x.MKb | (⌫y0)bhy0i.((!y0(x).JNKx) | [b $ a]))

= (⌫b)(b(x).(⌫y1)([x $ y1] | JMKb{y1/ux}) | (⌫y0)bhy0i.((!y0(x).JNKx) | [b $ a]))

⌘ (⌫by0)(b(x).(⌫y1)([x $ y1] | JMKb{y1/ux}) | bhy0i.((!y0(x).JNKx) | [b $ a]))

)⌧ (⌫by0)((⌫y1)([y0 $ y1] | JMKb{y1/ux} | ((!y0(x).JNKx) | [b $ a]))

)2
r (⌫y0)(JMKa{y0/ux} |!y0(x).JNKx) = JM [N/x]Ka

The other cases can be found in the longer version of this paper [2].
2

Proposition 4.5 There is no M such that JMKa )r Q, for some Q.

Proof. The proof follows by a direct inspection on the rule )r. 2

The next result adapts Lemma 7 in [1] to the proposed encoding and gives a characterisation of �lsub-terms
whose encodings have some specific fragments, this will allow to work on simulation steps.

Lemma 4.6 Let V and S a set of variable names and a set of special names, respectively.

(i) If JMKa = NV ]S([a(x).P ]) with a /2 S then S = ;, P = (⌫y)([x $ y]) | Q{y/ux}) and there exist N and
LV such that Q = JNKa and M = LV ([�x.N ]).

(ii) If JMKa = NV ]S([uxhyi.P ]) with y 2 V , and ux /2 V an unrestricted variable, then P = [y $ a] and
there exist ⌃ ✓ V and E⌃ such that M = E⌃([x]) (and x /2 ⌃). Moreover, NV ]S = (⌫y)(NV 0]S) where
V = V 0 ] {y}.

Proof. In both cases the proof follows by induction on M . The full proof can be found in [2].
2

The theorem below shows that ( simulates ⇡ but not so strongly as in [1], here we have a 1 for 3 relation,
that is, one step of ( corresponds to one step of )⌧ followed by two renaming steps )r.

Theorem 4.7 (( 3-simulates )⇡ via JKa)
a) If JMKa )⌧ Q then there exists N such that M (dB N and Q )2

r⌘ JNKa.
b) If JMKa )!⌧ Q then there exists N such that M (ls N and Q )r⌘ JNKa.

Proof. In both cases, the proof is by induction on the structure of M . The interesting case happens when
M = N [L/z] and the reduction occurs at the root. Then JMKa = (⌫b)(JNKa{b/uz} |!b(c).JLKc) and we have to
analyse the following cases:

a) The reduction )⌧ cannot happen at the root.

b) In order to obtain such a reduction, JNKa = NV ]S([uzhyi.P ]). By Lemma 4.6, uz /2 V , P = [y $ a] and
N = E⌃([z]) for some context E⌃ and ⌃ ⇢ V . Besides, NV ]S = (⌫y)(NV 0]S), therefore,

JMKa = (⌫b)(NV ]S([uzhyi.[y $ a]]){b/uz} |!b(c).JLKc)
= (⌫b)((⌫y)NV 0]S([uzhyi.[y $ a]]){b/uz} |!b(c).JLKc)
)!⌧ (⌫b, y)(NV 0]S([[y $ a] | JLKy |!b(c).JLKc])) = Q

Notice that M = N [L/z] = E⌃([z])[L/z] (ls E⌃([L])[L/z]. Also, Q )r (⌫b)(NV 0]S([JLKa |!b(c).JLKc])) =
(⌫b)(NV 0]S([JLKa{b/uz} |!b(c).JLKc])) = JL[L/z]Ka, since uz /2 var(JLKa). The result follows by taking
N = E⌃([L])[L/z].

2

Remark 2 Notice that we could obtain a 1-to-1 correspondence if we worked modulo renaming of names
(modulo forwarding of names), say, via a relation ⌘r=,⇤

r.
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5 Conclusion and Ongoing Work

We have presented a type-directed encoding from the linear substitution �-calculus (�lsub) to a fragment of
synchronous ⇡-calculus, combining the works in [13] and [1]. We have considered the linear weak head reduction
semantics for the call-by-name evaluation of the �lsub and also a ⇡-calculus at a distance. This expands the
current theoretical investigations about the expressiveness of the ⇡-calculus via encodings from the function-
as-process paradigm. An ongoing work is the proposal of an encoding from �lsub-calculus to asynchronous
⇡-calculus based on the translation proposed in [7] to session typed processes, where the 3-1 relation for
simulation may be improved, while typed relations would still play a central role. Also, it would be interesting
to develop encodings to strongly normalising �-terms and to explore its connection with intersection types.
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