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Introduction



Equational Problems

e Equality check: s = t7?

e Matching: There exists ¢ such that so

=t?
e Unification: There exist o such that so

= to?

s and t are terms in some signature and o is a substitution.



Equational Problems - Syntactic Unification

e Goal: identify two expressions.

e Method: replace variables by other expressions.

Example: for x and y variables, a and b constants, and f a function
symbol,

e Identify f(x,a) and f(b,y)



Equational Problems - Syntactic Unification

e Goal: identify two expressions.

e Method: replace variables by other expressions.

Example: for x and y variables, a and b constants, and f a function
symbol,

e Identify f(x,a) and f(b,y)
e solution {x/b, y/a}.



Equational Problems - Syntactic unification

F set of function symbols.

V set of variables.

e Xx,y,z variables.

e a, b, c constants.

e f, g, h function symbols.

e T(F,V) set of terms over F and V.
® s . t,uterms.

e 0,7,0:V — T(F,V) set of substitutions.

Substitutions have finite domain: {v | vo # v} is finite



Equational Problems - Syntactic Unification

Example:

e Solution o = {x/b} for f(x,y) = f(b,y) is more general than
e solution v = {x/b, y/b}.

o is more general than ~y: there exists 0 such that 00 = ~:

5 = {y/b}.



Equational Problems - Syntactic Unification

Goal: algorithm that unifies terms.

Example:

o h(x,y,z) = h(f(w,w),f(x,x),f(y,y))



Equational Problems - Syntactic Unification

Goal: algorithm that unifies terms.

Example:

o h(x,y,z) = h(f(w,w),f(x,x),f(y,y))

> h(f(W7 W),y,Z) - h(f(Wv W)v f(f(Wv W)v f(W7 W))v f(Y?Y))v
partial solution: {x/f(w,w)}



Equational Problems - Syntactic Unification

Goal: algorithm that unifies terms.

Example:

o h(x,y,z) = h(f(w,w), f(x,x),f(y,y))

o h(f(w,w),y,z) = h(f(w,w), f(f(w,w),f(w,w)),f(y,y)),
partial solution: {x/f(w,w)}

® h(f(w,w), f(f(w,w), f(w,w)),z)=
h(f(w, w), f(f(w,w), f(w,w)), f(f(f(w,w), f(w,w)), f(f(w,w), f(w,w)))),
partial solution: {x/f(w,w),y/f(f(w,w), f(w,w))}



Equational Problems - Syntactic Unification

Goal: algorithm that unifies terms.

Example:

e h(x,y,z) = h(f(w,w),f(x,x),f(y,y))

o h(f(w,w),y,z) = h(f(w,w), f(f(w,w),f(w,w)),f(y,y)),
partial solution: {x/f(w,w)}

® h(f(w,w), f(f(w,w), f(w,w)),z)=
h(f(w, w), f(f(w,w), f(w,w)), f(f(f(w,w), f(w,w)), f(f(w,w), f(w,w)))),
partial solution: {x/f(w,w),y/f(f(w,w), f(w,w))}

® h(f(w,w), f(f(w, w), f(w, w)), F(F(f(w, w), f(w, w)), f(f(w, w), f(w, w)))) =
h(f(w, w), f(f(w, w), f(w, w)), f(f(f(w, w), f(w, w)), f(f(w, w), f(w, w)))),

SO|uti0n: {x/f(w,w),y/f(f(w,w), f(w,w)), z/f(f(f(w, w), f(w, w)), f(f(w, w), f(w, w)))}.



Equational Problems - Syntactic Unification

Interesting questions

e Correctness and Completeness.
e Complexity.

e With adequate data structures, there are linear solutions (Huet,
Martelli-Montanari, Petterson-Wegman).

Syntactic unification is of type unary and linear.



Equational Problems - Unification Modulo

When operators have algebraic equational properties, the problem is
not as simple.

Example: for f commutative (C), f(x,y) ~ f(y, x):

o f(x,y)="f(a,b)?

The unification problem is of type finitary.



Equational Problems - Unification Modulo

When operators have algebraic equational properties, the problem is
not as simple.

Example: for f commutative (C), f(x,y) ~ f(y, x):
o f(x,y) =f(a b)?
e Solutions: {x/a,y/b} and {x/b,y/a}.

The unification problem is of type finitary.



Equational Problems - Unification Modulo

Example: for f associative (A), f(f(x,y),z) = f(x, f(y, z)):

o f(x,a) = f(a,x)?

The unification problem is of type infinitary.



Equational Problems - Unification Modulo

Example: for f associative (A), f(f(x,y),z) = f(x, f(y, z)):

o f(x,a) = f(a,x)?
e Solutions: {x/a}, {x/f(a,a)}, {x/f(a,f(a,a))},...

The unification problem is of type infinitary.



Equational Problems - Unification Modulo

Example: for f AC with unit (U), f(x, e) = x:

o f(x,y)="f(a,b)?

The unification problem is of type finitary.

10



Equational Problems - Unification Modulo

Example: for f AC with unit (U), f(x, e) = x:

o f(x,y)="f(a,b)?

e Solutions: {x/e,y/f(a,b)}, {x/f(a,b),y/e}, {x/a,y/b}, and
{x/b,y/a}.

The unification problem is of type finitary.

10



Equational Problems - Unification Modulo

Example: for f A, and idempotent (I), f(x,x) =~ x:

o f(x,f(y,x)) = f(x,f(z,x))?

The unification problem is of type zero (Baader).

11



Equational Problems - Unification Modulo

Example: for f A, and idempotent (I), f(x,x) =~ x:

o f(x,f(y,x)) = f(x,f(z,x))?
e Solutions: {y/x,z/x},...

The unification problem is of type zero (Baader).

11



Equational Problems - Unification Modulo

Example: for + AC, and h homeomorphic (h),
h(x + y) ~ h(x) + h(y):

e h(y) +a=y+2?

The unification problem is of type zero and undecidable
(Narendran). The same happens for ACUh (Nutt, Baader).
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Equational Problems - Unification Modulo

Example: for + AC, and h homeomorphic (h),
h(x + y) ~ h(x) + h(y):

e hy)+a=y+2z?
e Solutions: {y/a,z/h(a)},{y/h(a) + a,z/h(h((a))} ...

The unification problem is of type zero and undecidable
(Narendran). The same happens for ACUh (Nutt, Baader).

12



Nominal Syntax

Nominal syntax extends first-order syntax by bringing mechanisms
to deal with bound and free variables in a natural manner.

Profiting from the nominal paradigm implies adapting basic notions
(substitution, rewriting, equality, ...) to it.
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Purpose of Presentation

e We revisit the problem of nominal unification with

associative-commutative (AC) operators

e We briefly comment about a functional algorithm for nominal
AC-unification and our work in progress on its formalisation.
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Background



Background

Nominal Terms, Permutations and
Substitutions



Atoms and Variables

Consider a set of variables X = {X, Y, Z,...} and a set of atoms
A={ab,c,...}.
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An atom permutation 7 represents an exchange of a finite amount
of atoms in A and is represented by a list of swappings:

m= (a1 b1) ... 2 (an bp) = nil
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Nominal Terms

Definition (Nominal Terms)
Nominal terms are inductively generated according to the grammar:

s,;tou= () | a | - X | [at | (s,8) | Ft | FACt

The symbols denote respectively: unit, atom term, suspended

variable, abstraction, pair, function application and AC function

application.
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Examples of Permutation Actions

Permutations act on atoms and terms:

et=an=(ab), - t=>b.
o t=f(a,c), 7= (ab)and w-t="f(b,c).
e t=J[ala, mr=(ab):(bc), 7 t=]c]c.
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Background

Freshness and a-Equality



Intuition Behind the Concepts

Two important predicates are the freshness predicate # and the
a-equality predicate ~:

e a#tt means that if a occurs in t then it must do so under an
abstractor [a].

e s =, t means that s and t are a-equivalent.

19



A context is a set of constraints of the form a#X. Contexts are
denoted by the letters A, V or I'.
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Derivation Rules for Freshness

N (#() AT a#b (#atom)
7Y a)#X A —_— ala
A a#tt AFa#ts AF a#tt )
W (#[a]b) AF a#(s, t) (#pair)
A F a#tt

21



Additional Rule for Freshness with AC Functions

A afft

—_—————— ac — a
Al—a#fACt(# pp)
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Derivation Rules for a-Equivalence

AF (e e

AFs=q,t

AFfs, ft (% 2

AF s, (ab)-t, a#t
A F[a]s =, [b]t

AbFsy=aty, AFsi=,t

PpP)

(~a [a]b)

AF (so,51) ~a (to, t1)

(~q pair)

R, atom)

AFar,a (

AFs=,t
A& [a]s =~ [a]t

(~a [a]a)

ds(m, ™ )#X C A

(~q var)

AFm- X - X
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Additional Rule for a-Equivalence with AC Functions

Let f be an AC function symbol.

We add rule (~, ac — app) for dealing with AC functions:

AF S (FACs) mq Si(FAt)  AF Di(fA%s) ~q Di(FA°t)
At fACs =, FACE

Sn(fx) selects the nth argument of the flattened subterm fx.
D,(f+) deletes the nth argument of the flattened subterm fx.
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The Operators S, and D,

Let f be an AC function:

o Sy(f(f(a,b),f([a]X,m-Y))) is equal to b.

o Dy(f(f{a,b),f([a]X,7-Y)))) is equal to
f(f a,f{[a]X,7-Y)))).
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Derivation Rules as a Sequent Calculus

Deriving [a]a ~, [b]b:

(=, atom)

(#atom)

D (o [a]b)

ar, (ab)-b
[a]a ~, [b]b

26



Nominal AC-Unification




Nominal AC-Unification

Definition of the Problem



Unification Problem

Definition (Unification Problem)
A unification problem is a pair (A, P), where A is a freshness

?
context and P is a finite set of equations (s &, t) and freshness
?

constraints (a#s).

Example
f is an AC function symbol.

(A, P) = (0, F(f(X,Y),c)) ~7 f(c,f(a,b))).

27



Solution to a Unification Problem

Definition (Solution to a Unification Problem)
The unification problem (A, P) is associated with the triple

(A, id, P).
The pair (V,0) is a solution for a triple P = (A, §, P) when
o VI Ac
o VI a#to, if aygﬁt epP
e Viksor,to, ifscyteP
e There exists A such that V - 0\ =, o
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Example of Unification Problem and Solution

fis an AC function symbol.
One possible solution for (), f{f(X,Y),c)) ~7 f(c,f(a,b))) is:
0,{X = a,Y — b})
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Nominal AC-Unification

Differences from Nominal Syntactic
Unification



Difference from Syntactic Unification

AC-Unification has 2 main differences when compared with nominal
unification:

e A fixpoint equation is of the form 7 - X ~, X. Fixpoint
equations are not solved in AC-unification. Instead, they are
carried on, as part of the solution.

e We obtain a set of solutions, not just one.
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Nominal AC-Unification

Comments About the Specification



Comments About the Specification

e We will talk about the main points behind a functional
nominal AC-unification algorithm, that allows us to unify two
terms t and s, focusing on the case of AC function symbols.
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Cases to Consider When Dealing With AC Function Symbols

Three cases to consider:

e When t or s is an AC function application and the other term

is a suspended variable: instantiate the variable appropriately.

e When t and s are both applications of the same AC function
symbol: interesting case

e Otherwise, no solution is possible.
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When t and s are AC Functions

1. Extract all arguments of t and generate all pairings of those

arguments, in any order.

2. Extract all arguments of s and generate all pairings of those

arguments, in any order.

3. Try to unify every generated pairing of t with every generated

pairing of s.

The function gen_ unif prb generates and combines those pairings.
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Example of Pairings Generated

Let f be an AC function symbol.

Suppose trying to unify £(f(X,Y), c) with f{(c,f(a, b)). Then:

e The two generated pairings of f(f(X,Y),c) in the order
(X,Y,c)are: (X,(Y,c)) and ((X,Y),c). Twelve pairings
would be generated for this term.

e The twelve pairings generated for the term f(c, f(a, b)) include,
for instance: (c,(a, b)), ({(c,a), by, ((b,c),a) and (a, (b, c)).
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A Problematic Approach - |

Why not generate all pairings of t preserving the order and
generate the pairings of s in any order?

This is not complete however ...
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A Problematic Approach - Il

Counterexample: t = f(a, (b, c)) and s = (X, b).

The substitution o = {X — (a, ¢)} would not be found had we
generated the pairings of t preserving the order, but it can be

found by our approach.

This is because o is found when trying to unify ((a, c), b) with
(X, b)

36



Efficiency vs Difficulty of the Proof

The algorithm explores the combinatory of the problem without
considering efficiency, simplifying in this manner the formalisation.
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Formalisation




Soundness and Completeness

Theorem (Soundness of Unifying AC functions)

Suppose that (t1,s1) € gen_unif prb(ft,fs) and that
V F tio =4 si0. Then, V F (ft)o =, (fs)o.

Theorem (Completeness of Unifying AC functions)

Suppose that V & (ft)o =, (fs)o. Then, there exists
(t1,s1) € gen_unif _prb(ft, fs) such that V - tio =, s10.

38



The Analysis That Follows

The analysis that follows is for the proof of soundness. A similar
analysis, however, could be done to prove completeness.
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Another Problematic Approach

Proving the soundness theorem directly, by induction on the size of
the term?

1. find the i that makes V F Si((ft)o) = Si((fs)o)
2. use I.H. to prove that V I Di((ft)o) ~, Di((fs)o)

The term being deleted of (ft)o could be the first term of ft but it
could also have being introduced by the substitution . We cannot

apply the I.H.!

40



Our Solution

First eliminate the substitution from our problem and then solve a
simplified version of the problem.
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Yet Another Problematic Approach - |

Proving that:

(t1,51) € gen_unif _prb(ft, fs) = (t10,s10) €

gen_unif _prb((ft)o, (fs)o)

would let us, by a renaming of variables, solve a version of the

problem without a substitution.

42



Yet Another Problematic Approach - Il

This, however, does not work: the substitution o can reintroduce
AC function symbols f into the terms t;o and sy, but an output of
gen_unif _prb cannot have the AC function symbol.

43



Yet Another Problematic Approach - Example

Let f be an AC symbol, t =f X, s=f Y and
o={X —f(a,b),Y — f(b,a)}. Then:

e t; = X and s; = Y do not contain the AC function symbol

e o reintroduces the AC function symbol and we have
tioc = f(a,b) and syo = f(b, a)

44



The Operator F,o

Fao(s) generates all possible flattened versions of a term s, in any
order.
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Auxiliar Lemma 1 for Eliminating Substitutions Out of Equa-

tion

Lemma

Suppose that (ti,s1) € genunif prb(ft,fs). Then, Vt; €

Fao(ti0),
sy € Fao(s10): (t1,51) € gen_unif _prb(fto, fso).

46



Auxiliar Lemma 2 for Eliminating Substitution Out of Equation

Lemma

Suppose that (t1,s1) € gen_unif prb(ft,fs) and that V - tio ~,
s10. Then, 3t; € Fao(t10), s € Fao(s10) : V F 1 =, si.
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Version of the Problem without Substitution

Lemma
Suppose that (t1,s1) € gen_unif prb(ft, fs) and that V & t; ~, s

Then, V + (ft) =, (fs).

Proof.
We plan an induction on the size of ft. O

48



A Loose End

Let f be an AC function symbol.

Suppose trying to unify (X, b) with f(a, Y). The algorithm, after
generating the pairings and combining them, would only find as
substitution {X — a, Y — b}.

But the following substitution {X — f(a, U), Y — f(b, U)} is also

correct. We are missing something!

49



Related Work and Contribution




Related Work

Ayala et al. (2019) presents a correct and complete algorithm for
nominal C-unification. This work is a continuation of that work.

Contejean (2004) gave the first formalisation of AC-matching,
opening the way for a formalisation of AC-unification.
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Contribution

If completed, the work here presented would give not only the first
formalisation of nominal AC-unification, but also, as far as we know,
the first formalisation of first-order AC-unification.
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Conclusion and Future Work




Conclusion

e Nominal AC-unification was (hopefully) explained.

e A functional algorithm and aspects of its formalisation were
commented.
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Future work:

e Complete the formalisation

e Work with other equational theories.
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Thank You

Thank you! Any questions?
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Appendix - Functional Nominal
AC-Unification Algorithm



Functional Nominal AC-Unification Algorithm - Sketch

1. procedure UNIFY(A, o, UnPrb, FxPntEq)
2 if null(UnPrb) then

3 return list((A, o, FxPntEq))
4 else

5: (t,s) ® UnPrb’ = UnPrb
6 [Code that analyses according to t and s]
7 end if
8: end procedure



Functional Nominal AC-Unification Algorithm i

1. procedure UNIFY(A, o, UnPrb, FxPntEq)

2 if null(UnPrb) then

3 return list((A, o, FxPntEq))

4 else

5: (t,s) ® UnPrb' = UnPrb

6 if (s ==m-X) and (X not in t) then
7 o ={X -7l t}

8 o' =0 oo

9: (A’, booll) = appSub2Ctxt(c’, A)
10: A'=AUAN

11: UnPrb" = (UnPrb')o’ + (FxPntEq)o’



Functional Nominal AC-Unification Algorithm ii

12: if booll then return UNIFY(A” 0", UnPrb” null)
13: else return null

14: end if

15: else

16: if t == a then

17: if s == a then

18: return UNIFY(A, o, UnPrb’, FxPntEq)

19: else

20: return null

7ilg end if



Functional Nominal AC-Unification Algorithm iii

22:
23:
24:
255
26:
27:
28:
29:
30:

else if t == 7 - X then
if (X not in s) then
> Similar to case above where
> s is a suspension
else if (s == 7’ - X) then
FxPntEq' = FxPntEq U {((«")"' @ 7) - X}
return UNIFY (A, o, UnPrb’, FxPntEq')
else return null
end if



Functional Nominal AC-Unification Algorithm iv

31:
32:
33:
34:
85:
36:
37:
38:
39:
40:
41:

else if t == () then
if s == () then
return UNIFY(A, o, UnPrb’; FxPntEq)
else return null

end if
else if t == (t;, t) then
if s == (s1,s) then

UnPrb” = [(s1, t1)] + [(s2, t2)] + UnPrb’
return UNIFY(A, o, UnPrb” | FxPntEq)
else return null
end if



Functional Nominal AC-Unification Algorithm v

42:
43:
44:
45:
46:
47:
48:
49:
50:
51:
52:
53:
54:

else if t == [a|t; then
if s == [a]s; then
UnPrb" = [(t1, s1)] + UnPrb
return UNIFY(A, o, UnPrb”, FxPntEq)
else if s == [b]s; then
(A’ booll) = fresh(a, s1)
A" =AU A
UnPrb” = [(t1, (a b) s1)] + UnPrb’
if booll then
return UNIFY(A”, o, UnPrb” , FxPntEq)
else return null
end if
else return null



Functional Nominal AC-Unification Algorithm vi

553
56:
57:
58:
59:
60:
61:

end if
else if t == f t; then
if s |= f s; then return null
else
UnPrb" = [(t1,s1)] + UnPrb
return UNIFY(A, o, UnPrb” | FxPntEq)
end if



Functional Nominal AC-Unification Algorithm vii

62:
63:
64:
65:
66:
67:
68:
69:
70:

else if t == fC(tl, ty) then

if s! = £¢(s1,5,) then return null

else
UnPrby = [(s1, t1)] + [(s2, t2)] + UnPrb’
solh = UNIFY(A, o, UnPrby, FxPntEq)
UnPrby = [(s1, t2)] + [(s2, t1)] + UnPrb’
solh = UNIFY(A, o, UnPrby, FxPntEq)
return APPEND(soly, soh)

end if



Functional Nominal AC-Unification Algorithm viii

71: else > t is of the form FACY
72: if s 1= fACs’ then return null

73: else

74: UnPrb” = gen_unif prb(t,s)

75: L@ = GLQ(UnPrb", A, o, UnPrb’, FxPntEq)
76: LstLstSol = map(UNIFY, LQ)

77 return FLATTEN(LstLstSol)

78: end if

79: end if

80: end if

81: end if

82: end procedure
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